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This paper describes a research projeCt which brings together current interests of the co-investigators. 
Anderson has been investigating the metacognitive strategies used by junior secondary students, to solve non
routine problems in mathematics. Dawe has been studying· the use of visualisation by teacher trainees, in the 
comprehension and· solution of higher order non-routine prpblems in· mathematics. The project examines the 
introspections of teachers and students as they solve non-routine problems, and the implications/or 
cooperative classroom learning. The increasing use of computer graphics, and graphics calculators in schools 
and iertiary institutions, has re-awakened interest in the specific role of visualisation in the problem solving 
process. We are 'particularly interested in the interaction of visual imagery with metacognitive strategies in 

. non-routine problem solving~ The data and its analysis will provide an indepth qualitative case study, of the 
role of verbal and non-verbal mental activityin comprehending and solvingnon-routine problems. 

Despite the significant progress made through research and curriculum innovation in Australian schools, there are 
still many teachers who lack confidence in addressing the needs of their students with respect to problem solving 
ability and mathematical inquiry generally. They have been usedto teacher centred approaches'whichrely heavily 
on textbooks. Students are still expected to sit and listen, follow demonstrated procedures, and practice routines 
and skills for reproduction in examination papers. The revolutionary changes taking place, not only withrespectto 
the teaching of mathematics but in the wider context of school reform, has shaken the confidence of many 
teachers. Previously tried and trusted methods are threatened as the purposes of schooling and preparation for the 
,world of work are redefined. The problem has been exacerbated by higher retention rates in schools, and demands 
. forall students entering'the workforceto be competent in clearly identifedareas. .' 

Research studies over,the last decade have pointed to metacognitive factors which have a profound influence 
on the confidence of both students',and teachers to solve problems, including beliefs about mathematics as a 
discipline and how it Should be taught and learned (Schoenfeld,1992). Australian researchers have made a very 

, significant contribution to the field - see for example the review by Putt and Isaacs (1992). This study builds 
particularly on their work. It addresses the problem solving strategies of two groups of students at the University 
of Sydney, completing their training as teachers of mathematics in secondary schools. The study is intended to be 
exploratory, and serve as a pilot project for a larger and more rigorous study in 1994~95which will involve 
teachers (stage2) and their pupils (stage3). The research has its, origins within the broad framework of how 
teachers think, plan and conceive of their classroom practice. The notion of the reflective practitioner is a 
particular hallmark of significant educational research and teacfting practice (Smith and Lovat, 1990). Such work 
has made an important contribution to the development of practical strategies to enable teachers to improve their 
work. In the light of the fact that the quality of teaching is a major educational issue today, critical reflection upon 
practice is an excellent mechanism through which quality can be enhanced. 

In the field of mathematics education, there has been some research which has attempted to address the critical 
reflection of mathematics teachers on their work. Iaworski (1991) observed and interviewed six secondary 
teachers who espoused aconstructivist philosophy, in an effort to discover the issues the teachers faced as they 

. attempted to put this philosophy into practice. She concluded (p214) that" the teacher working from a 
constuctivist philosophy will be a reflective practitioner:" Constructivists believe that learning is personal and that 
knowledge is personally constructed within the social context of the classroom (Cobb, 1986). This view of 
learni'ng contrasts with· the more traditional transmission mode of learning whereby the teacher possesses the 
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knowledge which is presented to the students., Learning is assessed by testing to see if particular objectives have 
been met which means that. the products of learning are valued rather than the process of how children learn' 

· (Rowland, t 984). If teachers are to become reflective practitioners, traditional views ofteaching and learning will 
need to be challenged. .. .... . ' .". '. '. .' . .... '.' 

This project is designed to investigate'the>introspections of teachers as they solve non-routine .problems . 
· themsylves,' and. are . encouraged to reflect on the. imp Iicatlons for their classroom practice. Problem solving most 
closely resembles the way thatmathematiCs is used in everyday life, and has. been identifed .as a. key .. competency 

'. expected oralt young people in preparation for work (Finn, 1991). Further ; the National' Statement on MathematiCs 
for Australian Schools (Australian Education Council, 1990) sets goals for ~all Australian children which 
'emcompassproblem solving strategies withiI) the more general area of mathematiCal inquiry. This. has become' 
increasingly important for mathematics teachers as school retention rates continue to rise. There is now an urgent 
need to . provide . guidance . for teachers in' problem solving activities for,'the much .wider ahility range of the' 
students in. their care: Learning to think mathem~tically must6ecome a focus of research and investigation if we 

'. are to meet the goals of these documents. . . . '. .' '. . . 
Within the very large· body of problem· s.olving research whiCh has been carried . outio . the . last decade, many' 

studies clearly indicate. that 'teachers need to be aware of theirjown thinking processes and the'strategies .. they. use' 
.. in solving problems, before they can success~uUy help students to solveprohlems too (Schoenfeld, 1992), Problem 

solving requires the ability to control and organise thinking. This has .been referred to as metacognition.The 
metacognitivestrategies which students use when they solve prOblems can enhance their problem solving 
performance (Siemon, 1986) . .Ii is therefore of great interest to study the strategies students and their teachers use 
in solving problems. Hart (1991) for example organised problem solving worksl1opsfor middle school teachers 
aimed at improving problem solving' abilities by focusing on meta~ognitive and constructive processes; 
Schoenfeld (1987) . lists three related but distinct categories of intellectual behaviour which have been' the focus of 
· metacognitive research.·We have specifically applied them to teachers for the purpose of this study. 

1. A teachers knowledge of their own thought processes; how . 
2. How well a teacher controls or self-regulates theirpr()blemsolvingactions . ". . '.' 
3. The beliefs andintuitions of the teacher; that is, the ideas about mathematics which a teacher brings to their 

. work and how such ideas shape the way the teacher does mathematics. ..... '. , . 
The introspections of teachers as they go about solvingnon~routineproblems is an important goal of tile stu~y. By' 
coming to reflect critically on their own thought processes, how they ca~be monitored and controlled, their 

. beliefs about mathematics, and what it means to come to know mathematics, it-will be a short step to critical 
reflection on their classroom practice. In particular the roleof visual imagery in comprehending a problem and its 
subsequent solution will beof greatinterest. . ' . 

THEORETICAL CONSIDERATIONS 
There are two theories of cognition which particularly lend themselves to,thedesign and the interpretation pfthe . 
results of the research to be carried out: . . . . 

Schema theory. '.' ". . .... . . '. . 
. Research has found that students who have schemata for meaningful problem types, evidenced by the a~ilityt() 
classify problems on the basis of their semantic structures, are better problem solvers than students Who dQ hOt . 
havek!Jowledge of problem types (Goldin,1992) .. Schemata are . theorised to be abstract . knowledge structures for 
representing generic concepts stored in memory ,although there is rioagrl!ement in the literature as to how a 
schema should be defined. Inthe neldofmathematics education Sweller (l989),forexample, defines a schema as 
a cognitive construct. that, permits problerll solvers to classify problemsintoparticu\ar categories which require 
particular moves for solution.As a result of many studies which have beel) driven by this theoretical perspective, 
then~ is a widespead view. that more explicit instruction in representation skills for comprehending the semantic 
structure of word problems would be beneficial. Lewis(1989), for example, found that training in the use of 
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diagrams to representthesemantic structure in a word probleui improved problem solving performance. Further, 
the training resulted in transfer of new representation skills to related, but more co~plex, problem solving tasks. 

Schema theory has an honoured place in research in mathematics education. Richard Skemp, for example, has 
developed his schematic theory of mathematics learning over the last 30 years (for an up to date summary o{ his 
work see Skemp, 1992). Many other writers in the field of the psychology of mathematics, have made excellent 
theoretical contributions to our understanding of mental representations of m&thematical ideas,and how 
mathematical knowledge systems are developed. Goldin (1992) has recently attempted to pull the diverse 
theoretical contdbutions together into a unified whole. Mental imagery plays a very iinportant role in these 

. theories, and the, literature abounds. with studies of "image schema,ta" (including visualisation) of mathematical 
concepts. Further, in contrast to reading research, schematic approaches to mathematics learning have often 
incorporated affective representations into their models. 
In discussing'the impact of schema theory on research in mathematical problem solving, one can hardly pass the 
work of Sweller and his colleagues. Putt and Isaacs (1992) summarise the contribution these researchers have 
made to our understanding of the problem solving process and the implications for classroom practice. According 
to Sweller (1989) the' two keys to skilled problem solving performance are schema acquisition and rule 
automation, the latter being ,a rule that can be used without conscious processing. This has sharpened the 
constructivist debate because, as Putt and Isaacs (1992,p223) point out . 

The work of Sweller and his colleagues suggests that, at the secondary level, teachers should be focusing on 
domain specific strategies' which will enhance the development of multiple schemata to meet differing. 
problematic situations of school mathematics. Such an approach to problem solving will be much easier to 
passon'toteachers of mathematics operating in the conventional role of imparters of knowledge and skills, as 
it requires only small changes to their current practice. The Polya model on the other hand requires radical 

. changes in the belief systems of ~oth teachers and students, as well as substantial role changes on the part of 

. the teacher. 

Dual Coding Theory. 
Like schema theory, dual coding theory is not specifically a theory of how mathematics is learned, but a theory of 
cognition. The following summary has been taken mainly from Sadoski, Paivio, and Goetz (1991), but a full 
description of the evolution of the theory and its empirical record, are extensively documented in Paivio' 
(1986,1991). Dual coding theory holds that cognition consists of two separate mental sub-systems, one specialised 
for the representation' and processing of information concerning nonverbal· objects and events, and the other 
specialised for dealing with language. The former is often referred to as the imagery system because it functions 
include the generation of mental images (visual, auditory, haptic and affective). The language specialised' 
subsystem is referred to as the· verbal system. These systems are separate but i,nterconnected, so that. they can 
function independently, in parallel, or in an integrated manner. 

The two systems have different organizatiomil and processing characteristics. Information in the verbal system 
is organisedin ,a way that favours sequential, syntactic processing. Nonverbal information, especially in the visual 
mode, is organised more in the form of holistic nested sets, with information available for processing in a 
synchronous qr parallel manner. Interconnections between the systems allow for great variety in cognitive 
activity, Language can evoke imagery; and imagery can evoke language. Such cross system activation is called 
referential processing. However the connections are not one to one but one to many. Hence, language could 
referentially evoke numerous images or none at all. Mental images could evoke much language or none at all. 

Within' system processing is . said to be associative. This refers to spreading activation among verbal 
representations or among images. Thus words or phrases are associated, through experience or learning, with other 
words or phrases. Likewise, mental images could evoke other (associated) images. A mental image of a tyre for 
example, might evoke an image of a car and even a driving experience. Paivio (1991:379) points out that 
individuals differ in the degree to which they have developed representations corresponding to particular words 
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and objects, interconnections between thern, and processing skills involved in making use of the available 
structures and pathways. 

Processing in dual coding theory includes external and internal variables. External contexts, situational 
constraints, instructions and So on, interact with a person's two existing symbol systems, as determined by prior 
experience and individual differences. Processing may be conscious or unconscious, and often involves the 
transformation and recoding of representations. However the theoiy does not include any separate abstracted 
structure such as a schema or processing under the guidance of a schema. This, it is claimed, enables the theory to 
better account for the great detail found in the memory for events, as well as the flexible construction and 
reconstruction of events in memory. 

The application of dual coding theory to problem solving 
According to dual coding theory, problem solving performance is mediated by the joint activity of the individual's 
verbal and imagery systems. The relative contribution of each system will depend on the characteristicsof the task 
and the cognitive abilities and. habits of the problem solver. The theory predicts that the more concrete and. 
nonverbal the task, the greater the contribution of the imagery system. The more abstract and verbal the task, the 
greater the contribution of the verbal system .• The demands of the task and individual differences variables will . 
determine the degree to which the various dual coding processes (described above) are brought into play" The 

. imagery system contributes richness of content and flexibility in the processing of that content, so that diverse bits 
of information can be quickly retrieved, compared, evaluated, transformed and so on. P~ivio (1986:201) suggests. 
that these attributes may underlie the .intuitive leaps of imagination that often characterise creative thinking. He 
argues that language and the verbal system on the other hand, provide precise means (conceptua1 pegs) for 
retrieVing images from memory and guiding the processing of retrieved information. Its capacity forsequential 
organisation in particular suggests that the verbal system contributes logical order to ideation that would not be 
possible ori the basis of imagery alone. 

That logical potential implies, too, that verbal processes may predominate in the later stages of the task 
sequences, eg, the so called verification stage of discovery, whereas imagery may predominate at earlier 
stages,at least in some tasks. Paivio (1986: 202) 

Kaufmann's (1980) theory of problem solving has much in common with the dual coding theory approach, 
althOugh he disagrees with some specific points. He emphasises similar functional distinctions between imagery 
and linguistic representations. He agrees that visual imagery is crucial during the discovery phase of problem 
solving. In his general theory, the fuctional usefulness ofthe two systems is related to the novelty of the task. 
Thus, he .sees linguistic representations as more appropriate when the task is familiar, whereas imagery becomes 
increasingly appropriate and adaptive as the novelty of the task increases. . . 

In the particular case of informing research into the role of visual imagery in problem solving in mathematics, 
there is much to be learnt from the above analysis. Individuals differ in their preferred strategies and abilities, so 
that some rely on imagery to solve certain types of problems, while others use a linguistic strategy. This is in 
accord with dual processing theory. However, there is good evidence to suggest that, for most people, 
visualisation may play ail important role in comprehending a problem,even if they prefer a linguistic strategy in 
arriving at the solution. Kaufmann's novelty hypothesis would be interestingJo test in the context of awide range 
of mathematical tasks. . . 

AIMS OF THE PROJECT 
1. To investigate the metacognitive strategies used by two· groups of student teachers differing in training and 

mathematical ability, in solving non-routine mathematical problems 
(i) Diploma of Education students 
(ii) Bachelor of Education students in their final year 
2. To study the effect of individual learning style on the metacognitive strategies used .. 
3. To investigate the specific use of visual imagery in comprehension and analysis in the problem solving' 
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process. 
4. To see if there is any evidence to . suggest that the students' beliefs about mathematics, and in particular 

beliefs about problem solving, effect problem . solving performance. 
5. To see ifthere is any evidence to suggest tha.temotional factors effect the metacognitivestrategies 

. employed. . 
6. To generate hypotheses for further research. 

THE RESEARCH DESIGN 
Methodology . . . 
The purpose of the research is to study the thinking processes of two small groups of final year mathematics 
students as they go about solving non-routine problems. The data and its analysis will then provide an in depth 
qualitative case study, of the role of verbal and non-verbal mental activity in comprehending and solving such 
problems. It is intended to be a preliminary pilot study, to inform the planning and design of a study of teachers 
(and finally school students) as they solve non-routi'ne problems~ .. 
. The study lends itself to an ethnographic research design,and generally follows the methodology adopted by 
the co-investigator in her successful study of the metacogniti~e strategies adopted by her year 8 students in 
solving non~routine problems (Andersori, 1993). In particular; the protocol developed by Schoenfeld (1985) for 
use with undergraduate students, will. be used to address-aims 1 and 3 of the s.tudy. For Aim 2 we will use the 
learning style inventory developed by Kirbyet al (1988) and the instrument used by Brumby(1982) -see sample 
below- while Aim 4 requires a special instrument adapted from Anderson (1993). Aims] -5 will be addressed from 
observation, interviews and student reporting. The problem solving sessions willbevideotaped, and students will 
be a~ked to participate in·the analysis with the investigators byreviewing the recordings. . 

It is not possible to fully justify the methods we Wave decided to use here. After a critical review ()f the 
methods other researchers have used, and in particular the results of Anderson's work, we have settled on a 
combination of methods to gather tbe data in an -effort to overcome weaknesses and to strengthen the findings 
using triangulation: These include non participant observation ofthe students (working alone, in pairs and in a 
group of four), written student recordings, audio and video recordings, student responses from video replays, 
student interviews, and researcher's field notes.· It is hoped that a wide variety of methods will inform the 
method()logica.l decisionsfol' the next stage. of the research with teachers. We have also decided to try out a 
considerable range of problems which include the analysis of mathematical images generated by computer. 

The sample . . ._ 
We plan to include two contrasting groups of students at the University of Sydney in the pilot project: the 1993 -
intake of Dip Ed(sec) mathematics students, and the final year students in the integrated BEd (sec) mathematics 
program. The two groups differ markedly on a wide range of _ variables -including mathematical ability, -work 
experience, knowledge of how children learn mathematics and practicumexperience. However they are roughly 
the same ag~. Having reached the end point of their training they will be appointed as four year trained teachers to 
schools in 1994. It is likely that the very different training the two groups have received, together with differences 
in academic ability, will produce some interesting contrasts in the data. It is expected that there will be 
implications for the inservice needs of particular teachers in the workforce, as the competencies identified by the 
Finn committee are implementepin schools. 

The Dip Ed group comprises 28 students, 16 w()men and 12 men. The undergraduate group completing the 
integrated degree comprises 33 students, 18 women and] 5 men. It is intended to administerthe Visual and Verbal 
Learning Style Inventory (Kirby, Moore and Schofield,1988) to each group to identify those who prefer visual to 
verbal modes of processing information. This instrument was designed for adult students -and _ is particularly 
appropriate for the theoretical basis of Dual Coding theory. Although this will provide helpful initial information, 
it is inadequate for the selection of the sample. We will also administer the instrument developed by 
Brumby(l982), who investigated differences in cognitive style for qualitative problem solving in biology. She· 
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identified tw~ distinct learning styles which havebeendescril.led as analytic or serialist, and global, hoIisticor, 
intuitive. The essential characteristic of the analytic style appears to be that a given problem is immediately 
broken \.Ipinto its component parts. These are studied step by step .asdiscrete entities in isolation from each other 
,andtbeirsuIToundings. Tbe secQnd, holistic, style seeks anoveraU view of a problem. The v.ariousparts are 
inte.gratedaJidrelatedand seen in the context of their surroundings. Qverall 42% ofBrumby'ssample IJ)aintained 
ananalytic,style,8% used only tbe' holistic style and 50% used a cOIJ)bination of both. Brumby described the latter 
group'as'\'ersatile learners". . '. '. . . 

We will thenselecLasampleQf 4 "visual" and 4 "verbal" and 4 "versatile"students from each group to take 
. part iriihe study. The distinction between the visual/verbal styl~s is seen in terms of the.type of processing 
described in thedualprocessingioodel, and by such descriptors as simultaneous versus successive, or hOlistic. 
versus analytic. The versatHegrouparemore likely to use both, to switch from visual to verbal mode depending' 
on the nature of the problem. The sample does not need to be random and we will choose .a:bahuice of men and 
women, taking into accountacademicbackground,to participate in the study. . . . 

DISCUSSION . . . 

With respecttoproblem solving,strategies which encourage the development of holistic(hought processes, 
linking thero to sequential deductive thinking, are likely to. result in increased mathematical performance. 
versatihd~arners able to think in holistic and analytic modes, and use them in harmony; are more IikelYio be .' 
. stlccessful;particularly athigher levels of mathematics. Whether' visual imagery per se plays an· additional role in 
thea,ctual method of solution seems to . be' ,a ,personal' matter. WewiH,be. intetestedin getting further data. on this 
interesting question. What does seem to be important is the role of visualisation. in comprehension. In parallel to 
the comprehension of narrative text, reading a mathematical task with understanding may require an automatic . 
imaging, in which parts of the problem are visualised and brought together to :forma whole (gestalt) ot' 
information (Dawe, 1993). ' .. . 

, Previous research has also shown that students need to be aware of and in con.trol oftheit thinking, ready to 
switchtoa new line of thought when it becomes clear that the present one is going nowhere. This· requires sittiqg 
back, asking themselves how they are going, and getting a holistic view. This "internal talk" is characteristic of . 
self monitoring and self regulatiQn.Theability to switch one's viewpoint from a local analytical one toaholistic 
one, in order to' be able to place the details as part ·ofa structured whole, . is· crucial. Such metacognitiveabilty.is 
characteristic of gOOd problem solyers.· . 

, What then should teachers'be dQingabout th:ese matters in the classroom? How do teachers.enablestudents to 
develop their powers ofmentaHmagery?How do teachers identify, and monitor, the lTle.tacognitive strategies their 
students use in pioblem solving? WhatabeuttheroIeofaffectivevariable.s? If our goal is to encourage the 

,qevelopmentof.all theseintemal systems of representation, should we '. pay equal attention to. e.ach? These. and 
. other issues will be discussed~n the presentation. . , 
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